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The free energy density expression for nematics in an external electric field is derived
both from a quasi-molecular approach similar to that used by Nehring and Saupe and a
macroscopic approach based entirely on the symmetry properties of nematics. Under
the special mode] assumed in the quasi-molecular theory the expressions of the elastic
constants obtained from the two different methods agree with each other when one
makes a proper choice of the material parameters introduced in the macroscopic theory.

1. INTRODUCTION

The theory of electric field induced elastic deformation in nematic
liquid crystals was first given by Gruler and Meier.! A theory which
takes the nonuniformity of the electric field into consideration was
given later by Gruler, Scheffer and Meier? and by Deuling,?

The present work is to investigate the effect of electric field on the
elastic constants of nematic liquid crystals. Two methods are used in

the calculations. One is a quasi-molecular approach similar to that

+This paper contains part of a thesis submitted to the Graduate School of Tsinghua
University in partial fulfillment of the requirements for a master degree by OU-YANG
Zhong-can in 1981.
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used by Nehring and Saupe.* In this approach the internal electric
field is assumed as being the dipole field produced by molecular
polarization satisfying the well known classical electrodynamic dipole
field equation.’ The other method is a macroscopic approach based
purely on the symmetry properties of nematics. It is found that the
two methods give the same result when one makes a proper choice of
the material parameters introduced in the macroscopic theory.

2. QUASI-MOLECULAR THEORY

In the presence of an electric field E, the free energy density g of
nematic liquid crystal may be written as

g = gel + ge’
8= k(¥ 0 + k(0 v X0 4 kyy0x v x )],
g, = —(1/87)D - E. (1)

8., is the Frank free energy density with k;;, k,, and k3, as the splay,
twist and bend constants, respectively. g, is the free energy density of
the electric field. The director n satisfies the equation

n-n=nn,=1, i=1,2,3, (2)

where the summation convention is used throughout this paper. The
electric displacement D is related to E by

D=c¢-E (3)
where the dielectric constant tensor ¢;; and the dielectric anisotropy ¢,
are given by

€, =€ 8, +enn;, i,j=123

€, =€ —¢€, . (4)

a

Let E, and E,; be the external electric field and the internal field
respectively, then the field E inside the nematic is given by

E=E,+E, (5)
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Substituting (5) into (3) and (1) one gets

8= 8ee t Ag,
8ee = —(I/SW)Ee t€ Ee’
Ag= -(1/47)E,-¢-E, (6)

where the term E, - € - E; has been neglected on account of the fact
that E; is a small quantity.

From (3) the polarization dp’ of a volume element dr’ around a
point P’ in the nematic is given by

dp = (1/4=)(e — 1) -(E, + E{) dr’, (7

where 1 is the idemfactor. Neglecting the E; term and assuming that
the internal electric field is the molecular dipole field, one finds that at
the point P in the sample E, is given by’

E, = [(1/r°)[3dw - (=1')(-1) - r* dp]
= [(1/4ar*) (3w = r21) (€ = 1) - El dr, (8)

where r’ is the vector PP".

Following the molecular approach used by Nehring and Saupe* in
calculating the elastic constants of nematics under no external field we
assume that the interaction between the molecules exists only within a
distance “a” of an order not much greater than the molecular dimen-
sion. Since a is small, one may consider E/ as being uniform and being
equal to E, throughout the sample. In this way one has

Ag= f(l/léﬂzr's)Ee € [(r’zl -3rr)(¢—1)- Ee] dr’

=3 [r.ar. ©)

. is now an additional function that should be added to the function f
introduced by Nehring and Saupe.* We now choose a local coordinate
system such that P is the origin and the director n coincides with the
xy-axis at P. The director n’ at the neighboring point P’ is given by

"= n + An. Besides being a function of Anm, f, should now be a
function of all the three cylindrical coordinates (p’, 8’, x3) of the point
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P’ instead of just a function of (p’, x5, An) as function f does, viz.
f. =106 x;, An). (10)

Following Ref. [4] one first expands f, in terms of the cylindrical
components of An and then expands the components of An in terms
of the relative coordinates of P and P’. Then, to second order in the
deformation,

g'(P)=g,(P)+Ag(P)
=c,mn, mt cumn ivmMjn + c,m,, iimns
i,j=12, m,n=1,23, (11)
where
Ny =0n,/8%p, N p=08%n/0x,0x,. (12)

The constants c;,, c/,, and c/,,, are the elastic constants. With no

applied electric field (E, = 0), (11) reduces to the results given by
Nehring and Saupe, i.e.

g'(P) = g.,(P),
Clin = Chm = Cnu = € = ki,
Cliz = € = Cuz = Con = 3kn,
Clyzz + 2¢{13 = Cip33 + 20553 = {133 + 2¢553 = 1133 + 20413

= C33 + 2093 = Cpy33 + 26503 = Yky3. (13)
In an applied electric field,

g(P)=g'(P)+g.(P)=2g.,(P)+Ag(P)+g.(P), (14)

where g, (P) is independent of curvature deformation. g’(P) is still
given by (11) with the nonvanishing ¢’ coefficients given in (13) but
now

Clm = Cim T ACipms
Ci,mn = + Ac:mn’
ci’jmn = t_/mn + Acumn’ (15)

where the ¢ coefficients are those introduced by Nehring and Saupe
(see Eq. (10) of Ref. [4]). It can be shown easily that the various Ac
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coefficients are given by

Ac;,, = %f Y o[afe/a(AnP)] Ansoa‘”x,’" dr’,
p=e,
Acimn = %f Z o[afe/a(Ann)] An_oauixrlnx;: d’T',
p=p,

Acijmrv = %f Z [62 e/a(Anp)a(Anv)] An=0"

p,v=p,0
a,a,x,x,dtr’, (16)
with a, given by
a, =cosf, a, =sinb,
ag = —sinf,  ag, = cosé. (17)

To evaluate the various Ac coefficients one may take at P the three
unit vectors of the Cartesian coordinates and the cylindrical coordi-
nates as (i, j, k = n) and (e,, &, e; = k) respectively, with

e=icosf + jsiné,
€ = —isinf + jcosd. (18)

The dielectric constant tensor ¢,; at P can then be written in the
following two forms:
e=c¢, (ii +jj) +¢,kk
=¢, (ee, + ee) + ¢, kk. (19)
At P’, in terms of the local coordinates, the dielectric constant tensor
€;, is given by
¢ =¢, (ee; +ee)+enn. (20)

¢,, €, and n’ are three mutually perpendicular unit vectors which can
be chosen as

e, = (1 - an3) (1 - anZ ~ 8n3)"%, - An,k],

e, =(1- An%)d/z[—AnpAn,ep +(1 - And)e,

)1/2

—(1 - An? — An} An,k],

)1/2

0= Ange, + Ange +(1 — An? - An}) k. (21)



Downloaded by [Tomsk State University of Control Systems and Radio] at 11:28 21 February 2013

XIE, OU-YANG AND LIN
TABLE 1

Expressions of Ac;,,, in quasi-molecular theory K = ¢,a%/1207

m n Acya/K Acy /K

1 1 (ey —2¢,)EE; (€, +€,)E,E;

1 2 —%<1 EyEy _%‘l E\E,

1 3 -3e, B} + ¢, ED) -3¢, E\E,

2 2 (e, e )E\E; (e, —2¢,)Ey By

2 3 -3¢, E|E, -3, E} + ¢, ED)
3 3 —(Qe,—€,)EEs — Qe —€ )Ey By

To second orders,

€ = [c_L (ee, + epep) +¢, kk]
+¢u[Anp(epk +ke,) + An,(eok+ke,)]
+ ea[Anf,epep + Anjege, —(Anz + Anj)kk
+An,Ang(ee, + e,ep)]. (22)

Substituting (9) and (22) into (16) and integrating over a spherical
volume of radius a around the point P one gets by taking into account

the evenness or oddness of the integrand the following results:

(1) Ac;,, = 0. (23)
(ii) The various Ac;,,,, are given in Table I. Besides, one has
Acin = ACipm- (24)
(iii) The various Ac; ;,,, are given in Table II. One has also
BCijmn = BCjimn = BC;jpm = BCjipm. (25)
TABLE II

Expressions of Ac;;,,,, in quasi-molecular theory K = €,a’/120m

m n Acllmn/K ACli.’mn/K ACZZmn/K

1 1 —2Q¢,El+¢,E}) —¢, EE, e, E} - ¢,E})

1 2 =3¢, EE, —3e (EE+ E}) -3¢, EE,

1 3 =3¢, EE, — 3¢, EyE, 3¢, E\E,

2 2 e Ef-¢ED -¢, E\E, -2Q2¢, E? + ¢, E})
2 3 3¢, EE — 3¢, E\E, —3¢,E>E,

3 3 e, El+ 2 E}) 2¢, E\E, 2e, E? + 2¢,E})
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In Tables I and II, E,, E, and E, are the three local Cartesian
components of the applied electric field.

3. MACROSCOPIC THEORY

In the presence of a homogeneous electric field E, the free energy
density g of the liquid crystal may be written as a sum of three terms
as stated before:

8= 8 + 8ee + Alg (14)

If one retains up to the second order deformation terms, g,, corre-
sponds simply to the Frank free energy density. g,, is the free energy
density of the applied electric field and is independent of the curvature
deformation. The term A (n,, By s i mnse - - E;) 1s that part of the
free energy density which is associated with the correlations between
the curvature deformation and the applied electric field. If one ex-
pands A’g into a power series each term of the expansion would be a
product of E;, E;E;,... and n;, n; ., n; .y, . For liquid crystals n
and —n are equlvalent Therefore each term in the expansion of A’g
must contain an even number of n;, n; .., #; .- ... Up to the second
order of deformation and of the field strength there are only three
types of terms in the expansion of A’g, namely,
ninj,kEl’ nn; mnExEps ni,mnj.nEkEl'

Those terms linear in E, correspond to Meyer’s flexoelectric effect’
and will not be discussed here.

One may choose a local Cartesian coordinate system (x;, x,, x3) at
the point P in the nematic with x;-axis coincides with the director at
P. Let the components of the electric field in this coordinate system be
(E,, E,, E;). Up to the second order, the most general form of Ag is
given by

A’g cStmn/k"Bnl mnE Ek + d!m_['lklnl m j nEkEl’ (26)

where the coefficients c¢;,,,,, jk and d,,,;,,, are material parameters.
Under a complex transformation

§=x, +ix,, n=Xx, — iX,, X3 = X3, (27)

all the indices in (26) will take their proper values of (£, %, x,). It has
been pointed out by Lin® that:

(i) Since nematics have C_ symmetry around the x;-axis and A'g is
invariant under rotations around the x,-axis, every coefficient in (26)
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should have equal number of §’s and %’s in its indices. Those coeffi-
cients with indices containing unequal number of £’s and 75’s vanish.

(ii) For nematics any plane parallel to the director is a plane of
symmetry. Thus any two ¢ coefficients (or d coefficients) with mutu-
ally transposed £ indices and 7 indices equal to each other. Conse-
quently, only the real part of the two coefficients needs to be consid-
ered. With these requirements the number of nonvanishing coefficients
in (26) are restricted.

(iii) Since any plane perpendicular to the director is a plane of
symmetry of the nematics, there must be an even number of 3’s in the
indices of any coefficient.

There are 12 nonvanishing c;;,,, ; terms. Out of these 12 terms 6 of
them have the factor n, . They are called the y” functions (see (30)).
Since n;n; = 1 and n = (0,0,1), it follows that;

nini.m=n3,m=0’ m=1’2,3;
n;n =T Ny T e T —(nl,mnl,n+n2,mn2,n)9
mon=1,2,3. (28)

Thus the 6 terms with the factor n, ,,, can be grouped into the d,,, ;.4
terms. Only 6 independent nonvanishing n3n, . E,E, terms are left

Lmn

behind. They are called the y functions (see (29)). It can be shown
easily that after transforming from the (§, 3, x,) coordinate system
back to the (x,, x,, x3) coordinate system, the 12 terms are respec-
tively:
¥ = n3E3Re[E£n,,'5,,] = EyE\(ny 1 + 1y ) + EyEy(nyyy + 1y 9),
¥, = "3E3RC[E£"E.M] = EyE\(ny, 1y — myp + nypp + 1y p)
+E3Ey(ny 5 — My + 1y pa + M)

Y3 = ”3E5E1,Re[”e,n3] = %(Elz + Ezz)(”l.u gt st n, ),
Ve = naRe[EeZ"n.nal = (EZ = E7)(ny,13 = ny23)

+2E\Ey(ny 3 + 13 13),
¥s = "3E32Re["e.1,3] = E32(n1.13 + "2.23)’

Ve = n3E3Re[E€nn‘33] = E\E3ny 33 + EyE3n, 335 (29)
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Y1 =nEEny . = (EX + Ezz)(”s.u +n3)

= —(EX+ E})(n}, + n2, +ni, +nl,),
¥ = nyRe[ Egny | = (E? = E})(ny 4y = n3 ) + 4E Eyny

= (E} - E2)(n}, + n}, — nl,—ni,)

—4E\E;)(ny 10y 5 + nyany ),

¥ = "3E32”3,ev, = E32(”3.11 + ”3,22)

= —E}n}, +n}, +n},+n3,),
Vs = n3E3Re[E€n3’3,,] = EyEin; 3 + EsEpn, o

= ‘EaE1(”1‘1"1.3 + "2,1"2.3) - E3E2("1.2"1,3 + ”2.2"2,3)’
Y5 = n3EEny 5y = (E12 + E22)”3,33

= ~(E2 + E?)(n} ;s + n3s),
Vo = nyEfny 53 = —EF(n}; + n33); (30)

where Re[ - - - ] means the real part of the function [--- ].
The contribution Ag, of the ¢ functions to A’g is

Ag, = KAy, i=12,..,6  K=e¢,a’/120m, (31)

where the A,’s are material parameters. The factor X is introduced for
the convenience of comparison with the quasi-molecular theory. The
equivalent expression in the quasi-molecular theory is

Agy = Acpotty s =12, m,n=1,2,3 (32)

TABLE I1I

Expressions of Ac;,,, in macroscopic theory
K =¢,a’/120m

m n Aclmn/K Achn/K

1 1 (A, + A))E\E, (A — A EE;

1 2 A,E E5 A, E E,

1 3 SAE}+ EDy+ ALE] - E})  AEE,

+AsE}

2 2 (A - A)EE (A, + Ay)E,y E,

2 3 AEE MAS(E? + E3) + Ag(E] - Ef)
+AsE]]

3 3 AGEE, AGE, E,
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Substituting (29) into (31) and comparing with (32) one finds the
various Ac,,,, as given in Table IIL.
There are 14 nonvanishing d,, ,,, terms. They are respectively:

¢, = EEE,,Re[ng_,,] = (El2 + Ezz)[("l,l + ”2,2)2 _("2,1 - "1,2)2],
¢, = E;En, ng o= (El+ EZ)(n}, +n3,— 20, 1ny 5 + 03,
+ni, + 2"1,2"2.1)’

®; = Re[EEZn"‘nnE'n] = (E} - E})(n}, + n3y —nd,—niy)
+4E\Ey(ny 1155 + 1y a0y ),
= Re[Eeznn.n"n,s] = (E} - E})(ni —mia— i, + ni.)
+4E Ey(ny 1y y + nyany ),
¢s = Efng n, ¢ = Eaz[(”m + "2.2)2 +(ny, — "1'2)2],
% = E;"Re[n%,n] = 832[(”1.1 +155)" = (ny, — "1,2)2] ,
¢ = E,Re[Een,mng_,,] = E\Ey(ny yny 5 + ny3ny 5 = ny3ny
+ny305,1) + EyEy(ny 3y
tny ny 3 = iy 3ng gt R ),

¢g = EgEyng yn, 3 = (E2 + EZ)(n}; + n3 ),

$10 = Efng 3m, 5 = Eaz("%,a + "%,3),
ou = EgEng yny o= (Ef + Ezz)[(nl,l + ”2-2)2 +(ng,y = "1'2)2]’
¢, = Elng ¢n, = E??(”f‘l +n3,—2nny, + 0+ i,
+2n, 505,1),
13 = E3Re[E£n,,_3n,,‘£] = EyEy(ny,1ny 3+ ny3ng g + nysny
—ny3ny,) + E3Ey(ny yny
tny 3y a3y = o),
P14 = E3Re[E€n€v3n,,‘,,] = E3E1("1,1”1,3 ~ Ry 3Ny, N0,
+ny305,) + EsEy(ny o0,

—nyafy g+ My sy R ).

(33)
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It can readily be shown that:

v = —1(¢ + on1),

V= — ¢,

Y= —3(os + ¢12),

Vo= —1(¢7 + ¢13),

Vs = —dg,

Y6 = —®10- (34)

Thus the six ’ functions are linear combinations of the ¢ functions. In
the free energy density expression one may simply neglect the y’
functions and take the ¢ functions instead.

The contribution Ag, of the ¢ functions to A’g may be written as

Ag, = KB, i=1,2,...,14, (35)

where again all the B;’s are material parameters. The equivalent
expression in the quasi-molecular theory is

Ag, = Ac B s ihj=12, m,n=1,2,3. (36)

i jmnn i,m
Substituting (33) into (35) and comparing with (36) while taking (25)
into consideration one finds that there are three relations between the
B;’s, viz.

B, = B,, By, = Bs, By, = B,. (37)

Thus there are only 11 independent B, coefficients. The various Ac, ;,,,
are given in Table IV. Together with the six A,’s there are 17
independent coefficients in total. We note that the results in this
section remain correct when the electric field E, is replaced by an
external magnetic field.

4. COMPARISON OF THE TWO THEORIES

In the quasi-molecular theory the expressions of the elastic constants
are derived with the aid of certain model, i.e., assumptions about the
molecular interaction and the internal field. The results show that the
elastic constants depend not only upon the assumed effective radius of
interaction a between the molecules and the dielectric constants ¢, and
¢, of the nematic, but also upon the electric field intensity E in which
the nematic is placed. In other words, the elastic constants are
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functions of the applied electric field instead of pure constants. On the
other hand, the macroscopic theory uses only the symmetry properties
of the nematics without referring to any specific model. The expres-
sions of the elastic constants as obtained are quite general. However,
the macroscopic theory introduces 17 independent material parame-
ters which can only be determined experimentally. The theory gives no
indications on what material constants these 17 parameters are related
to, not to mention their specific form of dependence. It would cer-
tainly be very difficult to design 17 independent experiments to
determine these parameters. For the present, the only thing one can do
is to see if the quasi-molecular results are consistent with the macro-
scopic results.

If the two theoretical results agree with each other, each element of
Ac,,,, given in Table I should equal to its corresponding element in
Table III and so does Table II and Table IV. Furthermore, since the
applied electric field can be chosen arbitrarily, it is necessary that the
coefficient of each E,E, term in any element of Table I (Table II)
should equal to the coefficient of the corresponding term in the
corresponding element of Table III (Table IV). In this way, from Ac,,,,,,
one gets 16 equations for the A,’s. Out of these 16 equations only 6 of
them are independent which are just enough to solve the 6 4,’s. The
results are:

Al=€ll_%€.L9 A2=_%‘¢: A3=_%‘J-’
Ag= -3¢, As = =3¢, Ag =€, —2¢,. (38)

From Ac;,,, there are 31 equations for the B,’s to satisfy, but only 12
equations are independent. However there are only 11 independent
B;’s in Table II. Whether there exists a set of solutions of the 12
equations becomes crucial. If no solution exists then the quasi-molecu-
lar theory is not in agreement with the macroscopic theory and at least
one of the two theories is at fault. Calculation shows that there does

exist a unique set of solutions of the B,’s. They are:

By= -3¢, B,=B,=-%,, B=-3e,

B, = _%(l’ B; = B, = —¢,, B, =0,

B, =B, = -%€n+3€i’ Byg=¢,,

By=¢,, Byp = 4¢,, By, = =3¢, . (39)

The 17 material parameters are now simple functions of the dielectric
constants ¢, and ¢, of the sample.

When the 17 material parameters introduced in the macroscopic
theory do satisfy (38) and (39), the macroscopic theory, up to the
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second order, and the quasi-molecular theory lead to the same expres-
sions of the elastic constants. This means that the quasi-molecular
theory does satisfy the symmetry requirements of nematics and is
indeed a particular solution of the macroscopic theory. The fact that
the 17 material parameters given by (38) and (39) is a set of unique
solutions of 18 equations seems to indicate that it is not merely a
coincidence that the two theories yield the same result under the
particular model. The quasi-molecular theory is likely to be correct.

5. DISCUSSION

Eq. (14) gives the expression for the free energy density of nematic
liquid crystals in an external electric field. Besides the Frank free
energy term (g,,) and the free energy term of the external electric field
(g..) there is an additional term (Ag) which comes from the electric
field effect on the elastic constants. The term Ag can be calculated
from Eq. (11) or Eq. (26) with the expressions of Ac’s given in Tables I
and II. However, in Tables I and II, the Ac’s are expressed in the local
coordinate system. For calculation, it would be more desirable to
express Ag in a form independent of the coordinate system chosen.
When the external electric field intensity E is space independent, with
careful manipulation, one can write the expression of Ag in the form:
Ag = Ke,{4(E - n)(v - n)[n- V(E - n)]

+2(E-n)[(n- vn)- V(E - n)]

+(E - n)2[2(v ‘n)’—(n-v xn)’—(n- Vn)zl

~[v(E-n)}* +3[n- v(E-n)?) (40)

+6Ke, (E-m){(V -m)[n- V(E - n)]

~[(n- vn)- v(E-n)]}
+ K v P3

where
P=¢,(E-n){V(E-n)-3[n- v(E-n)n}
-¢,(E-n)’[2(V - n)n +(n - vn)]
+e, {(E -n)[2v(E-n) = 3(v - n)E] — 3[E- v(E n)]n
~(3/2)[E* —(E - 0))|(av -n - n- vn)}. (41)
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Tables I and II show that the Ac’s are functions of E. In other
words the elastic constants are functions of the applied electric field.
However all the Ac’s has a factor a2, where a is an effective radius of
interaction of molecular dimension. Therefore, the Ac’s and the effect
of the electric field on the elastic constants are probably not very
large.

Also, measurements on the elastic constants by the electric
Freedericksz effects are not very simple. Gerber and Schadt® discussed
some of the important sources of ambiguity and error that are often
neglected in measurements and in the evaluation of the elastic con-
stants. Further discussions on the relevance of the present theoretical
results in connection with experiments will be presented separately.
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